This is in the sequel of our previous work LW] on the study of the approximated harmonic maps in high dimensions. The main purpose of the present article is to understand the bubbling phenomena as well as the energy quantization beyond the natural conformal dimension two for the Dirichelet integral. This will be important t o ward our understandings of the defect measures and the energy concentration sets introduced and studied already for approximated harmonic maps in LW]. We shall examine here the static situation, that is, the studies of harmonic spheres. In our forthcoming work, we will study the recti ablity of defect measures in the parabolic case as well as the quasi-harmonic sphere bubblings and the so-called generalized varifold ow.
x1. Introduction
This is in the sequel of our previous work LW] on the study of the approximated harmonic maps in high dimensions. The main purpose of the present article is to understand the bubbling phenomena as well as the energy quantization beyond the natural conformal dimension two for the Dirichelet integral. This will be important t o ward our understandings of the defect measures and the energy concentration sets introduced and studied already for approximated harmonic maps in LW] . We shall examine here the static situation, that is, the studies of harmonic spheres. In our forthcoming work, we will study the recti ablity of defect measures in the parabolic case as well as the quasi-harmonic sphere bubblings and the so-called generalized varifold ow.
As bi-products of our study are improvements of the \energy identity"as well as the \no necks formations" thorems for approximated harmonic maps from Riemannian surfaces. In all previous works one needs to assume the tension elds to be bounded in L 2 , that is not a conformally invariant condition. We nd an essential optimal condition on tension elds, which is also scaling(up) invariant, and which i s a l w ays satis ed whenever the tension elds are bounded in L p , for any p > 1.
To describe the main results more precisely, w e l e t M be a m dimensional compact Riemannian manifold (with possibly non-empty boundary @M), N R k be a compact Here f(u ) = ;(DF)(u ). We assume henceforth that if N = S k;1 , then F(p) = 1 4 (1 ; jpj 2 ) 2 so that f(p) = p(1 ; j pj 2 ) and (1.1) becomes u + 1 2 u (1 ; j u j 2 ) = 0 :
(1:1 0 ) For > 0, let u be solutions to (1.1) with sup >0 I (u ) < +1:
(1:2)
Our interest is to study the limit behavior of u 's, as tends to 0. It is well-known, via Chen-Struwe CS] and Chen- Lin CL] ), that one can always nd a subsequence of u , still denoted by u , s u c h that u ! u weakly in H 1 (M R k ) a n d u 2 H 1 (M N) i s a w eakly harmonic map. Moreover, u is smooth away from a closed subset M with locally nite (m ; 2) dimensional Hausdor measure. Very recently, we showed in LW] that if N doesn't support harmonic S 2 (i.e. nontrivial harmonic maps from S 2 ) then u ! u strongly in H 1 (M R k ). In particular, u is a stationary harmonic map whose singular set has Hausdor dimension at most m ; 4 (see, Lin L] ).
The aim of this paper is to extend the blow-up techniques developed in L] and LW] to the case that N does support harmonic S 2 . W e obtain the bubbling result in the two dimension case, m = 2 . F or m 3, we prove a quantization result for the density function of the defect measure on the concentration set associated with the process of convergence, provided that N = S k;1 . These ideas for the generalized Ginzburg-Landau functionals, which are motivated by an earlier work of Helein H] and some recent w orks by LR] and LR1] in higher dimensions, can also be used to extend the known results on the energy identity and the bubble tree convergence for approximated harmonic maps from surfaces with bounded L 2 tension eld to the case that the tension eld of the approximated harmonic maps from surfaces with bounded L p tension eld for any p > 1, provided that N = S k;1 . Now, let us state our main results.
Theorem A. Assume that m = 2 . F or > 0, let u H 1 (M R k ) be solutions to (1.1) and satisfy (1.2) (for @M 6 = , u = g for some xed g 2 C 1 (@M N)). Then there
(1:3) lim n !0 ku n ; u 0 ;
(1:4)
2 jD! i j 2 , and ! n i (x) = ! i ( x;a n i n i ) ; !(1).
(1.3) is called as energy identity and (1.4) is called as bubble tree c onvergence. It will be clear from the proof in the below that (1.3) implies lim n !0 ku n ; u 0 ;
However, since H 1 (R 2 ) 6 L 1 (R 2 ), the convergence (1.4) asserting that there is no neck formation during the process of convergence is one of the most di cult issues in the study of bubbling phenomena for approximated harmonic maps with bounded L 2 tension eld in the two dimension case (cf (iii) If u n does not converge to u strongly in H 1 ( R k ), then H m;2 ( ) > 0 and there exists at least one harmonic S 2 in N. Claim (iii) suggests that if N does support harmonic S 2 , then the strong convergence may fail. Hence, in order to understand the blowing up behaviors of the convergence, it is important to understand the nontrivial defect measure and describe its density function . We employ the ideas introduced in the recent w orks LR] and LR1] to show the following: Theorem B If, in addition, N = S k;1 . Then, for H m;2 a.e. x 2 , there exist 1 l x < 1 and harmonic S 2 's, f j g l x j=1 , such that
(1:5)
One shall view (1.5) as a higher dimensional version of energy identity for weakly convergent sequences of critical points of the Ginzburg-Landau functionals. We also believe that theorem B remains to be true for any Riemannian manifold N. ( 1 2 jDuj 2 + F(v))(x) dx < 1:
(1:9)
In order to understand these maps, we l o o k a t i t s tangent maps at the in nity. T h i s has been done by Lin-Riviere LR] for maps satisfying (1.6) and (1.7). Here we carry out the analysis for (1.8) and (1.9).
First, recall a tangent map for v : R 3 ! R k satisfying (1.8) and (1.9) is a map : R 3 ! R k obtained as a weak limit of v R n (x) v(R n x) i n H 1 loc (R 3 R k ) for some R n ! +1. Let T 1 denote the set consisting of all possible tangent maps of v at in nity.
Then we can prove Theorem C. Let v : R 3 ! R k be a solution to (1.8) and (1.9). Then for any 2 T 1 (a) (x) = ( x jxj ) for x 6 = 0 , and j S 2 is a harmonic map into N. Moreover, there exist R n ! 1 and a nonnegative Radon measure on R 3 such that n 1 2 jDv R n j 2 + R 2 n F(v n )) dx ! 1 2 jD j 2 dx + 
(1:12)
In particular, (1.12) holds, with L 1 (M) replaced by H 1 (M). Here ! j n ( ) = ! j ( ;a j n j n ) ;
! j (1).
Here we w ould like to remark that the condition on the tension elds h n can be further weakened to a local scaling invariant one (see Proposition 6.2 in the last section for the precise statement of these conditions).
x2. Basic Estimates
This section is devoted to establishing a priori estimates needed in later sections. We assume that M = R m is a bounded smooth domain. Denote B R (x) R m as the ball centered at x with radius R > 0. Proof. One can refer to CS] for the proof of (2.2). One can also nd the proof of (2.3)
in the last section of CL]. However, we w ould like to outline a proof of (2.3) in the case that that N = S k;1 . Note that the maximum principle implies ju j(x) 1. By scaling argument, it su ces to prove (2.3) for R = 1. Let = 1 ; j u j 2 . Then it follows from
(1:1 0 ) that ; 2 + 2 4 2 e (u ) C 2 0 2 in B 1 (2:4) 0 1 on @B 1 :
Here we used (2.2), which implies that e ( Proof. Multiplying (1.1) by x Du and integrating it over B R , i n tegrations by parts yield (2.6).
x3. Proof of Theorem A
In this section m = 2. The idea is based on that developed by . The rst step is to show the convexity of tangential energy of u on S 1 the second step is to use the Pohozaev inequality of Lemma 2.3 to control the radial energy of u by its tangential energy. T o make the proof clear and self-contained, we rst recall the process for the rst bubble.
For n ! 0, we assume that u n does not converge to u strongly in H 1 (M R k ). Then there exist fx j g L j=1 M and fm j g L j=1 2 R + such that
Here x j denotes the Dirac mass at x j . F or simplicity, w e assume L = 1. Consider the maximum concentration function:
e n (u n )(x) dx:
Then there are x n ! x 1 and n ! 0 s u c h that
De ne v n (x) = u n (x n + n x) : n ! R k , here n = ;1 n (B (x 1 ) n f x 1 g). (1 ; j u n j 2 ) C 2 0 :
Let (r ) be the polar coordinate in R 2 . De ne v n : n j log j j log R n j] S 1 ! R k by v n (r ) = u n (e ;r ). Then we h a ve v n + e ;2r 2 n (1 ; j v n j 2 )v n = 0 in n : Let 0( R ;1 ) denote the quantities such that lim R!1 !0 0( R ;1 ) = 0. Since u n ! u in C 1 (M n B ) and u n ( n ) ! ! 1 in C 1 (B R ) for any R > 0, we can choose su ciently small and R su ciently large such that a n = Z fj log jg S 1 jDv n j 2 = 0 ( R ;1 ) b n = Z fj log R n jg S 1 jDv n j 2 = 0 ( R ;1 ):
Denote T 0 = j log j and T n = j log R n j. Applying the maximum principle to (3.11), we have Z S 1 jv n j 2 (r ) A n e r + B n e ;r 8r 2 T 0 T n ] (3:13)
where A n = e T n b n ; e T 0 a n e 2T n ; e 2T 0 B n = e T 0 +2T n a n ; e 2T 0 +T n b n e 2T n ; e Note that the L 1 norm of gradient o f v n essentially controls the oscillation of v n . H e n c e we conclude that the oscillation over the neck region goes to zero. Note that the inequality (2.6)also implies
goes to zero as n ! 1 , ! 0, and R ! 1 . Hence (3.5) is proven.
x4 Proof of Theorem C Note claim (4) of theorem C is a consequence of theorem B, we will prove the rst three statements of theorem C.
It follows from the de nition of T 1 that for any 2 T 1 there exist R n ! 1 such that u R n (x) u(R n x) ! weakly in H 1 loc (R 3 R k ). Moreover, it follows from (1.9) that for any R > 0, R ;1 13
Here we h a ve used that u n + ( r + a) 2 u n rr + R 2 n f(u n ) = 0 :
Integrating (4.4) with respect to a 2 (0 R ; ) and taking into zero, we h a ve In fact, the recti ablity theorem of Press P] and Lin L] Hence, we can write (1:1 0 ) i n to the polar coordinate form as follows. Since w n = jw n j w n jw n j = n ! n , w e h a ve n 1 2 and j! n j = 1. Moreover, ( n ! n ) satis es: n + ;2 n n (1 ; j n j 2 ) ; n jD! n j 2 = 0 Therefore, if we de ne the 1-forms G n 2 H 1 (B r n n B R ^(R k k )) by G ij n = 0 in B r n n B R (6:12) i (G ij n ;(dv i n v j n ; v i n dv j n ; dF ij n ; 2d ij n )) = 0:
(6:13)
Here i : @(B r n n B R ) ! R 2 denotes the inclusion map and i denotes the pull-back map over one forms. Then we k n o w, for 1 ij k, dv i n v j n ; v i n dv j n ; dF ij n ; 2d ij n = G ij n in B r n n B R :
(6:14)
For n , w e observe that the right hand side of (6.9) is in H 1 (R 2 ) (the Hardy space in R 2 )( 
(6:20)
Using the duality b e t ween L 2 1 and L 2 1 , w e h a ve
Ckh n k L p (B n ) Here lim n!1 0(n ;1 ) = 0 : It is clear that if we c hoose R su ciently large and su ciently small, then both terms in the right hand sides of the above t wo inequality can be as arbitrarily small. Hence, the proof of Lemma 6.1 is complete. The oscillation convergence in theorem E also follows from Lemma 6.1. In fact, it follows from the proof of Lemma 6.1 that kD 2 v n k L 1 (B r n This implies that there is no neck formation between the two bubbles. At the end of this paper, we provide a weaker condition of the tension eld h n , which seems to be optimal in certain sense, such that theorem E remains to be true.
For an bounded domain R 2 . Let H 1 ( ) be the local Hardy space on de ned in the usual way ( see, Semmes Se] for the detail). For a Riemannian surface M, w e can de ne H 1 (M) b y using the coordinate charts. Proposition 6.2. The energy identity part of theorem E remains to be true if (a) the tension elds h n is bounded in H 1 (M) (b) h n is equiv-integrable, i.e. for any > 0 there is a > 0 such that for any E M, with jEj , R E jh n j(x)dx for any n 1. T h e oscillation convergence part of theorem E remains to be true if h n is equiv-integrable in H 1 (M) in the sense that for any > 0 there is a > 0 such that for any o p e n s e t E M, with jEj , kh n k H 1 (E) for any n 1.
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It is easy to check that for p > 1 i f h n is bounded in L p (M) then it satis es the above conditions.
Proof. It follows the same line of the proof of Lemma 6.1, except that we need to estimate the L 2 1 norm of DF ij n in a di erent w ay. T o do it, let 2 C 1 0 (R 2 R + ) b e s u c h that = 1 in B r n and let c ij n = R R 2 H ij n R R 2
Then it follows from a Lemma of Semmes Se] that (H ij n ; c ij n ) 2 H 1 (R 2 ) a n d k (H ij n ; c ij n )k H 1 (R 2 ) Ckh n k H 1 (B r n ) Ckh n k H 1 (M) C < 1:
(6:28)
Now Let F ij n 1 and F ij n 2 be 1-forms on R 2 and solve: F ij n 1 = (H ij n ; c ij n ) (6:29) F ij n 2 = c ij n : (6:30) This, combines with (6.10), implies F ij n = F ij n 1 + F ij n 2 + L ij n in B r n : (6:31)
Here L ij n is a harmonic 1-form so that we can estimate L 2 1 norm of DL ij n in the same way as that of G ij n . F or F ij n 1 and F ij n 2 , w e h a ve kD 2 F ij n 1 k L 1 (R 2 ) Ck (H ij n ; c ij n )k H 1 (R 2 ) C kD 2 F ij n 2 k L 1 (B r n ) Cr n kD 2 F ij n 2 k L 2 (B r n ) Cr n kc ij n k L 2 (R 2 ) = Cr 2 n jc ij n j Ckh n k L 1 (B r n ) Ckh n k L 1 (B ) C >From these, we obtain the bound of kD 2 F ij n k L 1 (B r n ) . The smallness of kDF ij n k L 2 1 (B r n )
follows from the equiv-integrable condition of h n . In fact, for any > 0, we can choose > 0 su ciently small so that k H ij n k L 1 (R 2 ) k h n k L 1 (B r n ) k h n k L 1 (B ) : If, in addition, h n is equiv-integrable in H 1 (M), then the above argument implies that kDF ij n k L 2 1 (B r n ) = 0 ( ) so that the oscillation convergence follows as well.
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